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Abstrat. We disuss lassial stability of the osmologial mehanism whih
is responsible for the ghost ondensation. We show that the simplest general
ovariant eetive ation whih inludes two ovariant derivatives may lead to an
overshoot of the ondensation point into the regime, where the model beomes
lassially unstable. The model exhibits this behaviour for the de Sitter and
matter dominated universes when the initial values taken to be in the region of
validity of the low-energy eetive theory. In the matter dominated ase there
is a nite time (whih an be large enough to exeed the present age of the
Universe) during whih the model remains in the stable region. In inationary
regime the system does not experiene an overshoot only if Hinf & M , where
Hinf is the Hubble parameter during ination, and M is the harateristi sale
of the eetive eld theory (EFT). This latter regime is, however, inonsistent
with the EFT desription at the ondensation point. We disuss the limitations
of the use of the trunated ation and point out how one an avoid problems
due to the overshoot in order to have a viable ghost ondensation mehanism.
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1. Introdution
Sine the work [2℄ various theories [3, 4, 5℄ with Lagrangians L(φ, ∂φ) being arbitrary
funtions of φ and ∂µφ were explored in attempt to address suh issues as the origin of
the early ination and the origin of the dark energy whih is observed to be dominant
at present. The study of suh Lagrangians is ommonly motivated by the argument
that they ould simply be low energy outomes from string/M theory. It is possible
that these eetive Lagrangians inlude also higher order derivative terms. With a
Lagrangian whih depends only on φ and ∂µφ, the usual hydrodynami intuition is
useful, with suh important quantities being well dened as the sound speed Cs and
the equation of state w. Suh osmologial uids lead to additional ontributions to the
energy density of the Universe and modify the evolution of the Universe. However, the
possibility of a onsistent gravity modiation in the infrared using Lagrangians with
unonventional kineti terms was generally overlooked.
Coming from another diretion one an try to make various models for diret gravity
modiation in order to understand the present aeleration phase of the Universe (see,
e.g. [6, 7, 8, 9, 10, 11℄). Most of the models are onfronted with various internal
theoretial problems suh as the appearane of ghost degrees of freedom or strong
dynamis on the intermediate distanes.
Reently a beautiful idea based on Lagrangians with unonventional kineti terms
but aimed at a modiation of gravity in the infrared was proposed in [1℄. It turned out
to be ompletely free of the usual problems whih arose in other models of infrared
gravity modiation. Despite a resemblane to other theories with unonventional
Lagrangians L(φ, ∂φ), the physis ontent is quite dierent. We will briey explain
that below.
The work [1℄ onsidered an eetive Lagrangian of the following form,
L = M4
[
P (X) +Q(X)S
(
gφ
M3
)]
, (1)
where M is the harateristi sale of the eetive theory (of order of the ultraviolet
(UV) uto), the dimensionless variable X is dened as
X ≡ 1
2
gµν
(
∂µφ
M2
)(
∂νφ
M2
)
, (2)
and P (X), Q(X), S
(
gφ
M3
)
are some general funtions, g ≡ gµν∇µ∇ν (where ∇µ is the
ovariant derivative).
For a moment we will neglet the seond term in the Lagrangian. At this point the
theory we onsider is a kind of k-essene theory. In the ase when P (X) has a minimum
at some X∗ 6= 0 the value of X is driven by the Hubble frition to X = X∗. We will
further refer to X∗ as the attrator point. There is a preferred referene frame where
the eld φ is spatially homogeneous and isotropi. In this referene frame the eld φ
is driven to the nontrivial bakground solution φ = M2
√
2X∗t. Thus, all this an be
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viewed as a formation of Lorentz violating osmologial ondensate. It is easy to see
that the referene frame where this ondensate is homogeneous and isotropi oinides
with the osmologial referene frame. Up to this point the theory is a pure k-essene
model. It is easy to hek that exitations π dened as φ = M2
√
2X∗t+π do not have a
(
−→∇π)2- term but only a π˙2- term in the Lagrangian. The π exitations ouple to gravity
in a dierent way then a usual salar eld. They mix with gravity and give the graviton
mass term, whih is desribed by
δS ∝
∫
d4xM4(h00 − π˙)2. (3)
But sine π is not a dynamial degree of freedom at this point, Eq. (3) does not hange
the graviton propagator yet.
In order to modify the graviton propagator we need to make π dynamial. The
simplest form of the seond term in Eq. (1) whih yields the dynamis to π an be
hosen as M4Q(X)S(gφ/M
3) = −α2(gφ)2/2M2. We will further refer to this term
as α-term. If the gravity is swithed o, the salar eld π attains the peuliar Lorenz
violating dispersion relation ω2 ∝ ~k4/M2. The idea that a varying salar obeys a
Lorentz-breaking dispersion relation and may indue Lorentz symmetry violation also
in other setors of the theory (via its gradient) was also explored in [13℄. If one inludes
gravity, π mixes with the graviton and modies the graviton propagator. This may be
thought of as a gravitational analog of the Higgs mehanism. The graviton aquires
a third degree of freedom at the prie of breaking the time dieomorphism invariane.
Bizarre gravitational eets due to this modiation were rst disussed in [1℄.
The energy density of the ondensate along with its pressure an be hosen by hand
to be either zero or nonzero. The rst ase is quite interesting beause the ondensate
does not ontribute to the Einstein equations. But exitations of suh bakground still
modify gravity propagation and the ondensate breaks Lorenz invariane even in an
approximate Minkowski spaetime. In the seond ase this ontribution is not zero and
one ends up with an inationary regime [12℄. Here we will onsider only the rst ase
ε(X∗) = 0 beause it is already interesting enough and yields nontrivial physis.
The salar eld introdued in [1℄ is ghost-like, i.e. the funtion P (X) ∝ −X at small
X . But in a new nontrivial bakground to the right side of X∗ the exitations π have
a regular form kineti term. It was argued in [1℄ that one the system reahes a small
neighborhood to the right of X∗ the theory is healthy in both ases: with or without
gravity. It is desribed by the eetive Lagrangian with all the operators behaving well
in the infrared. As was disussed in [1℄ at the ondensation point terms with higher
time derivatives sale away faster then those with spatial derivatives and, thus, an be
dropped out from the low energy eetive ation. If one also assume that the Hubble
onstant is muh lower then the UV uto sale, one an further drop terms like Hφ˙ out
of a φ sine these terms will modify low energy eetive ation at the ondensation
point with a small prefator H/M .
However, if one starts far from ondensation point the saling argument is not valid
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anymore and these terms are important for the evolution of the bakground eld until
the system reahes point X = X∗.
The details of this evolution are important beause ondensation point is speial.
This manifest itself in the fat that the sound speed beomes imaginary at X < X∗. The
equation of motion hanges its type from hyperboli at X > X∗ to ellipti at X < X∗.
This, in turn, means that one an not onsider Cauhy problem in the usual sense to
the left side of the ondensation point. Aording to Cauhy-Kowalewski theorem it
is possible to guarantee the existene and uniqueness of the solution only in the small
viinity of Cauhy hypersurfae. But in general, nding a solution of Cauhy problem to
the ellipti equation is problemati beause the solutions, as a rule, do not ontinuously
depend on the initial data (see, for example, [14℄).
The above logi implies that for dynamial evolution of the bakground
homogeneous eld it is important not to overshoot the point X = X∗. Otherwise,
one will have to ope with an unplausible ellipti regime. This instability is dierent
from Jeans type instability whih arises due to mixing with gravity found in [1℄. The
Jeans instability is physial and does not lead to the hange of the type of the equation
of motion. While the instability due to overshoot of the ondensation point is, in fat,
muh worse. In the ellipti regime one an not satisfy ausality priniple beause the
Cauhi problem is ommonly ill dened in this ase.
In this work we attempt to make the disussion of the formation of the ghost
ondensate more detailed. We will onentrate on a narrow sope of questions related
to the dynamis whih desribes its formation. In the seond setion we review some of
the results of [1℄. In setion 3 we will write the equation of motion inluding the α term.
We will argue that an overshoot of the attrator point X∗ may our, upsetting the
lassial stability of the π exitations. The authors of [1℄ onsidered general ovariant
form for the ation but showed that only asymptotially the oeient in front of a
(∇π)2 term approahes zero beause of the Hubble frition. In general, as we will see
later, the system will exhibit osillatory behaviour around ondensation point. These
osillations are naturally in the UV regime.
One an argue that from the point of view of the low energy eetive eld theory
alone these osillations signal that the overall onsideration may be inonsistent and
one have to inlude an innite number of higher dimensional operators. However, if
one wants to have a viable dynamial mehanism it is neessary to ensure that starting
from a general ovariant ation the evolution of the bakground eld has to be smoothly
onverging to X∗ from the right. While we have studied this evolution only with the
simplest term (φ)2 in the ation, it is rather unlear whether one might improve the
dynamial onvergene of the bakground eld adding higher order terms (φ)4, (φ)6,
et. along with higher than seond derivative terms. Without higher than seond
derivative terms, the system would, in general, exhibit osillatory behaviour, provided
H is smaller than the amplitude of the osillations. This an be understood by looking
at the linearized ation near X∗ with funtions Q(X) and S(X) taken to be arbitrary
and nite in the viinity of the ondensation point. Thus, the inlusion of the third,
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fourth, et. derivative terms into the Lagrangian seems to be neessary but ompliates
muh the study of the dynamial evolution of the system.
We have studied two partiular ases: the de Sitter bakground and a matter
dominated Universe. We have analyzed the evolution of the homogeneous part of
the eld φ for the various initial date. In the de Sitter ase the overshoot does not
our if Hinf is greater then the sale M (assuming, α ∼ 1). This is, however, an
unphysial regime of the EFT at the ondensation point sine the powers of φ higher
than quadrati ontribute more and more to the ation. This ontribution inreases
onsequently with the power of the operator. Still, it is interesting to analyze the
behaviour of the trunated theory. It turns out, that simple trunation Eq. (11) works
well if H & M . If one wants to reonile with the EFT at the ondensation point one
need to assume the opposite. In that ase, when H .M , this trunation is not possible,
whih manifests itself in the osillations of the bakground homogeneous solution around
the ondensation point.
In the matter dominated ase the system always overshoots the attrator point
for any hoie of the initial onditions. But there is a nite time before the overshoot
ours. This time depends on how late the eetive Lagrangian starts to desribe the
dynamis of the system. If the eetive Lagrangian desription of the low energy physis
beomes valid at the late times of the Universe evolution, the system may stay in healthy
hyperboli regime for a period of time, whih may well exeed the present age of the
Universe. In the end we summarize our results and point out some future diretions
whih are yet to be explored.
2. Formation Of The Ghost Condensate
For a start we will onsider the dynamis of the salar eld with a purely kineti
Lagrangian and ation given by
Sφ = M
4
∫
d4x
√−gP (X), (4)
where M is some harateristi sale. The equation of motion is
1√−g∂µ
[√−gP ′(X)∂µφ] = 0, (5)
It is easy to verify that following disussion is not sensitive to the hoie of P (X) if this
funtion has following properties:
• P (X) = P (0)−X +O(X2) near X = 0
• P (X) has minimum at some X∗ 6= 0
• The energy density at X = X∗ is zero
For spei alulations we will be hoosing X∗ = 1 and funtion P (X) = 1
2
(X − 1)2.
In the spatially at Friedmann universe with the interval
ds2 = dt2 − a2(t) dx2, (6)
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the Eq. (5) reads as
∂t [P
′(X)∂tφ] + 3HP
′(X)∂tφ− 1
a2
∂i [P
′(X)∂iφ] = 0, (7)
whereH = a˙/a is a Hubble parameter, a(t) is the sale fator. The spatial part of Eq. (7)
is suppressed by growing a(t) and vanishes as universe expands. Thus, the solutions of
Eq. (7) eventually beome nearly homogeneous in the osmologial referene frame.
There are two attrators sine
P ′(X)φ˙ =
const
a3(t)
→ 0 as t→ +∞, (8)
namely X = 0 and X∗ where P ′(X∗) = 0. The solution onverges to either of them
depending on the initial onditions (see arrows on Fig. 1). The rst attrator is unstable
due to prodution of the regular partiles out of vauum through the gravitational
oupling to ghosts [16℄. We will assume only those initial onditions for X whih satisfy
X > X∗.
The sound speed for osmologial uid with the ation (4) is given by [15℄
C2s ≡
P ′(X)
ε′(X)
, (9)
and vanishes at X = X∗. Here ε(X) = 2XP ′(X) − P (X) is the orresponding energy
density for the ation (4). We are free to hoose the energy density to be equal to zero
at X∗. It is easy to hek that C2s > 0 (C
2
s < 0) to the right (left) of X
∗
. Thus the
theory is lassialy and quantum mehanially stable only for X > X∗ (shaded region
on Fig. 1).
One an also expand the Lagrangian of (4) at some arbitrary bakground value of
X (whih we take suiently lose to X∗) in Minkowsky spae up to quadrati order in
π whih is dened through φ = M2
√
2Xt+ π:
L = M4 {[2XP ′′(X) + P ′(X)] π˙2 − P ′(X)(∇π)2} (10)
It is easy to see that the eld theory desribed by Lagrangian (10) is again lassialy
stable if X > X∗, sine the signs of oeients in front of π˙2 term and (∇π)2 are op-
posite. At Xd < X < X
∗
these signs are the same and the theory is lassialy unstable
beause the equation of motion is of the ellipti type. It is worthwile noting that two
regions of lassial stability X < Xd and X > X
∗
on the X axis (where the system is
hyperboli) are disonneted. Thus the asual evolution from one stable regime to an-
other is lassialy forbidden. Therefore, for the theory without higher derivatives terms
in the ation, the eld desribed by the "ghost" Lagrangian annot lassialy evolve to
the right neighborhood of X∗.
Having desribed how osmologial kineti ondensate appears, we next modify the
ation (4) adding the simplest general ovariant higher derivative term
Sφ =
∫
d4x
√−g
[
M4P (X)− α
2(gφ)
2
2M2
]
(11)
whih indues nontrivial modiation of the graviton propagator.
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Figure 1. On the rst graph the shaded regions are regions where the sign in front
of p˙i2 is negative. There is a point Xd between X = 0 and X = X
∗
where the sound
speed C2s is divergent. Unshaded region is the one where the sign in front of p˙i
2
is
positive along with C2s .
We will now turn to the question of how does α-term eets the piture of the
ondensate formation reviewed above. In the next setion we derive the equation of
motion in the homogeneous ase for any funtion H(t). Then we solve exatly the
linearized equation of motion for two ases :
• H = const, de Sitter Universe
• H = 2
3t
, i.e. matter dominated Universe
In the ase of a large Hubble parameter the overshoot never ours for any reasonable
hoie of the initial onditions (φ˙0, φ¨0,
...
φ 0). If H ≪ M the homogeneous solution is
osillatory. In both ases we will assume that the energy density due to the ondensate
is always a tiny fration of the total energy density, so that it has no eet on the value
of the Hubble parameter. This is not restritive at all sine M/Mpl ≪ 1. At the same
time we do not have to worry about ondition ρtot > 0. This allows us to onsider any
set of initial values for all derivatives even suh that ε0 < 0 .
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3. Does the system overshoot X∗ point?
In order to avoid any possible onfusion in the rest of this paper all the units are saled
with appropriate power of M and are all dimensionless unless it is speied otherwise.
The equation of motion in the homogeneous ase is:
a−3∂t
(
a3P ′(X)φ˙
)
=
−α2
[
φ(4) + 6H
...
φ + φ¨
(
6H˙ + 9H2
)
+ φ˙
(
9HH˙ + 3H¨
)] (12)
The rst part is easily reognizable from the equation of motion derived for P (X)
Lagrangian. The seond omes from the α-term.
In order to investigate the possibility of overshoot we will go to some point where
X > X∗ hoosing some initial values for the seond and third derivatives of φ. For
P (X) we will use the form: P (X) = 1
2
(X − 1)2.
3.1. Ghost Condensation In The de Sitter Phase
In this setion we assume that there is a phase transition whih ours before or during
ination leading to the the eetive eld theory of [1℄. Introduing a new variable y ≡ φ˙
we an simplify the equation of motion to
...
y + 6Hy¨ + 9H2y˙ + α−2 (ε′y˙ + 3yHP ′) = 0. (13)
Note that X∗ = 1 orresponds to φ˙∗ =
√
2. Inserting the expression for
P (X) = 1
2
(X − 1)2 and linearizing the equation around attrator point as y = √2 + η,
where η is a small deviation from the attrator point, we obtain the following equation:
...
η + 6Hη¨ +
(
9H2 +
2
α2
)
η˙ +
6Hη
α2
= 0. (14)
This equation is easy to analyze. The harateristi equation reads as
λ3 + 6Hλ2 +
(
9H2 +
2
α2
)
λ+
6H
α2
= 0. (15)
The roots an be easily found:
λ1 = −3H, λ± = −3
2
H
[
1±
√
1− 8
(3H)2 α2
]
, (16)
Note that all roots are negative. Parameter α is generally assumed to be of order of
unity. Sine H is saled in units of M then, for example, in the ase of standard haoti
ination and for M ∼ 1 GeV the rst two roots are of order of |λ1,+| ∼ 1013. The third
root an be Taylor expanded: λ− ≃ −23α−2H−1 and is very tiny in this ase.
It is easy to hek that φ¨ and
...
φ deay as exp(−3HT ), while φ˙ piks up the smallest
root: φ˙−√2 ∼ exp(λ−T ). Here T is the dimensionless time: T = Mt. In this ase the
value of the rst derivative gets stuk at its initial value for a very long period. It is
easy to estimate that ination should last as long as N∗ e-folds in order to get φ˙ very
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lose to the attrator point, where N∗ = (H/M)2. Although, we do not know for how
long a real ination lasted the number of e-foldings N∗ for the ase when H ∼ 1013 GeV
and M ∼ 1 GeV is of order of 1026 does not look very natural. However if H/M is not
too big φ˙ may ome suiently lose to the value φ˙ =
√
2. This is illustrated on the
Figs. 2, 3.
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Figure 2. Here we plot evolution of X in de Sitter ase for initial values φ˙ =√
2 + 0.1, φ¨ = 0.1,
...
φ = 0.1. One an see that if H
M
= 102 the value of X is eiently
driven towards X∗ = 1. However for H
M
= 1013 on the same time sale the value of X
looks frozen.
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Figure 3. Here one an see that higher derivatives of φ in de Sitter ase are quikly
onverging to zero from their initial values φ¨ = 0.1,
...
φ = 0.1. H
M
was hosen to be 102
and φ˙ =
√
2 + 0.1.
We an now onlude that ghost ondensation ours eiently during de Sitter
stage only ifH is not muh larger then saleM . Thus we are fored to assume that either
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sale M is very high or we need low sale ination, for whih there are several examples
an be found [17℄ whih allows to onsider smaller values of M . Otherwise there ould
be no ondensation during ination. On the other hand we an onsider outome of
high sale ination whih is: X0 > X
∗
and φ¨0 =
...
φ0 = 0. Continuing into following short
matter dominated stage during preheating and then into radiation dominated stage we
an investigate what happens if we start with these partiular initial onditions.
In the de Sitter universe with a Hubble parameter H ≪ M the solution osillates
around ondensation point. This is shown on Fig. 4 for two values of H . Suh behaviour
an also be dedued from Eq. (16). In the next subsetion we onsider evolution of X in
10
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Figure 4. Here we plot evolution of X in de Sitter ase for initial values φ˙ =√
2 + 0.001, φ¨ = 0.01,
...
φ = 0.001. Hubble parameter is hosen to satisfy H ≪ M .
Classial evolution of a bakground eld is osillatory around ondensation point.
the matter dominated ase for dierent initial values of X0 > X
∗
and higher derivatives
of φ. It is worthwile noting that the initial values onsidered in this ase are in the
region of validity of the EFT. Nevertheless the system evolves to a regime whih has the
osillations with frequeny ∼ M that is outside of the regime of validity of EFT. Due
to the Hubble dumping of these osillations one an hope that the instability is not so
dangerous. However, this shows the limitations in the use of the trunated ation for a
viable desription of the ghost ondensation.
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3.2. Ghost Condensation In the Matter Dominated Universe
For H = 2
3t
it worth noting that some miraulous anellations ours in the equation
of motion, namely oeients in front of y and y˙ turn out to be zero:
...
y + 6Hy¨ ++
1
α2
(ε′y˙ + 3yHP ′) = 0. (17)
Linearizing this equation in the neighborhood of the attrator X∗ = 1 with P (X) =
1
2
(X − 1)2 and H(t) = 2
3
t−1 we obtain
...
η +
4
t
(
η¨ +
η
α2
)
+
2
α2
η˙ = 0. (18)
By resaling τ ≡ t√2/α this equation an be simplied even further:
...
η +
2
τ
(2η¨ + η) + η˙ = 0 (19)
The general solution of this equation is
η(τ) =
1
τ 2
[c+ (a cos τ + b sin τ)] +
1
τ
(a sin τ − b cos τ) . (20)
Now we will provide the proof that sooner or later independently of the initial
onditions η(τ) will take negative value signalling overshoot.
First ase we will onsider is φ˙ =
√
2 + η0, φ¨ = 0,
...
φ = 0. The solution for η(τ) is
η(τ) = η0[
τ 20 − 1
τ 2
+
1
τ 2
cos(τ − τ0) + 1
τ
sin(τ − τ0)]. (21)
Note again, that we are working with dimensionless variables, all in units of M .
Inevitability of overshoot is obvious in this ase beause rst two terms sale as
1
τ2
and eventually beome negligible with respet to the third one. But sin(τ − τ0) is
osillating funtion whih takes both positive and negative values. This proves that
starting anywhere near the attrator point with φ¨ = 0 and
...
φ = 0 there is overshoot.
Note that this set of initial onditions orresponds to the outome values in the end of
ination. The oeient in front of a (∇π)2 in the Lagrangian beomes negative and
the system moves into instability region. It is easy to estimate time within overshoot
happens. Assuming τ0 ≫ 1 the estimate follows from
τ 20
τ 2
∼ 1
τ
, (22)
and overshoot time is of order
tover ∼ M
H2
∗
, (23)
where H∗ is the value of the Hubble onstant at a time the system starts to evolve.
Here we have returned to the dimensionfull parameters M and H∗. Making simple
estimates forM = 1 GeV and H∗ = 103 GeV we see that overshoot ours within a time
tover ∼ 10−9 GeV−1. If we assume that at this time the Universe is matter dominated,
we see that rst overshoot ours within a time muh smaller then one Hubble time.
The Classial Stability Of The Ghost Condensate 12
Thus we an onlude that early matter dominated epoh destabilizes π exitations very
quikly.
On the other hand we an make an estimate assuming that phase transition ourred
at, for example, t ∼ 106 years, i.e. at the beginning of the seond matter domination
epoh, whih follows radiation dominated era. The value of H∗ ∼ 10−13sec−1, M = 1
MeV orresponds to 10−22sec. The overshoot time is tover ∼ 1041years. This time is
enormously large ompared to the present age of the Universe.
Therefore, we an onlude that only if the phase transition ours late enough
in the history of the Universe the exitations of π stay healthy for a very long time.
However, early phase transition leads to quik instability, and thus, an implausible
variant.
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Figure 5. Here we plot evolution of X in a matter dominated ase for initial values:
τ0 = 10, φ˙ =
√
2 + 0.1, φ¨ = 0,
...
φ = 0. These initial values an be onsidered as an
outome of high sale ination. First overshoot ours at a time of order of τ2
0
, as
expeted from Eq. (23).
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Figure 6. On this graph we simply show a part of the Fig.5 in more details. One
an see that periodially the value of X start to ross the X = 1 point towards lower
values. This means that the sign of the (∇pi)2 term hanges periodially.
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Figure 7. This graph illustrates overshoot for the matter dominated ase. The initial
values are taken to be τ0 = 10, φ˙ =
√
2+ 0.1, φ¨ = 0.1,
...
φ = 0.1. This piture is generi.
The time of the rst overshoot an be estimated from Eq. (25) if one omputes
oeients a and b.
In general, one an see that for any hoie of φ¨0 and
...
φ 0 one an rewrite the general
solution in the form
η(τ) =
c
τ 2
+
√
a2 + b2
τ 2
cos(τ − δ) +
√
a2 + b2
τ
sin(τ − δ), (24)
where cos(δ) ≡ a/√a2 + b2. Beause sin(τ − δ) suppressed by one power of time, while
the rest of the terms are suppressed by τ 2, it eventually starts to dominate. Thus,
overshoot is inevitable for an arbitrary hoie of φ¨(τ0) and
...
φ (τ0). The upper bound on
the time duration within whih the system an stay in stable regime is dened by the
ondition that the rst two terms are larger then the seond. This leads roughly to the
ondition
τmax ∼ η0τ
2
0√
a2 + b2
, (25)
where oeients a and b depend on initial values of derivatives of φ. There is speial
hoie of these when a = b = 0. Then the system does not overshoot X∗ point. However,
this hoie has zero measure. Moreover, this is true only in linearized approximation. In
general, estimate (25) gives orret upper bound on the time during whih ondensate
is in stable region.
4. Summary
We have shown that the dynamial mehanism of spontaneous Lorentz violation (dubbed
as "ghost ondensation) is somewhat troubled in the simplest ase of the general
ovariant Lagrangian whih has seond derivative operator. Osillatory behaviour of
the homogeneous part of the eld φ leads to an overshoot of the system into unstable
ellipti regime in most ases. This does not our during the de Sitter phase if the Hubble
parameter is larger then the UV uto of the eetive eld theory. At very small values
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of H/M the solution of the lassial equations of motion is osillatory again. In the
matter domination ase the theory may be stable for a long period depending on the
sale M and the value of the Hubble parameter H∗ at the time, when the eetive
eld theory desription of the evolution of the "ghost" eld φ beomes valid. However,
eventually the system moves into a lassialy unstable region. Therefore, the simplest
trunated ation may have a limited use.
We would like to make the following autionary remark. The overshoot in our ase
has osillatory nature. An osillatory instability is milder then the usual one. It is very
interesting to understand up to what degree this overshoot is implausible. For example,
in the de Sitter phase with a small Hubble parameter H ≪M , having the initial values
ne tuned extremely lose to X∗, the instability may not have enough time to develop.
Beause the harateristi timesale of this instability may be smaller than the period of
one osillation [20℄. Nevertheless these initial values, in general, do not yield "smooth
mehanism of the ghost ondensation.
There are several other questions left. First, the phenomenologial bounds on the
sale M . As we mentioned before there are two senarios. If the rst one is realized
one have to look for the signatures of that in CMBR spetrum. The impat of ghost
ondensation during ination depends on the ontribution of the ghost ondensate to
the total energy density. In the ase whih we have looked at, this eet is probably
negligible.
The other interesting question is if quantum utuations an take the system from
near X > X∗ into the state with X < X∗. If this happens in some marosopi
bubble (with the initial volume V ≫ M−3) the eld inside the bubble has a peuliar
lassial evolution studied in details in [18℄. It is interesting, that this analysis may well
be applied to a domain wall like objets, whih may form beause of Z2 symmetry:
φ˙ → −φ˙. However, probability of suh quantum utuations in both ases is hard to
estimate and is likely to be suppressed.
If the evolution of the underlying theory is desribed by the ation 11 starting from
a small value Hubble parameter, the overshoot ours rather late. In that ase it is
interesting to disuss impliations of the existene of the ondensate and π's theory
at present. Some bounds on M were already disussed in the literature [1, 19, 21℄.
Interesting phenomenology was also disussed in [22, 21℄.
It would be interesting to nd out if any new gravitational eets ould be observed
from a referene frame whih moves fast with respet to the osmologial referene frame.
By fast we mean faster than the veloity assoiated with the Jeans instability disussed
in [1℄. This is interesting simply beause every objet in the Universe is moving with
respet to the osmologial referene frame. This veloity is generially of order of 10−3
in units of the speed of light. Thus, any potential observer would nd itself on a fast
moving soure. We will try to improve on this and some other questions in [23℄.
In the end we note that the problem of overshoot disussed in this paper is solely
due to higher order derivative operator (φ)2/M2. There is no overshoot if one onsiders
P (X) only. But then, there is no modiation of gravity in the infrared either. The
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ase redues to some spei k-essene model.
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